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HO¨RMANDER’S CONDITION FOR NORMAL BUNDLES ON
SPACES OF IMMERSIONS
MARTIN BAUER AND PHILIPP HARMS
Abstract. Several representations of geometric shapes involve quotients of
mapping spaces. The projection onto the quotient space defines two sub-
bundles of the tangent bundle, called the horizontal and vertical bundle. We
investigate in these notes the sub-Riemannian geometries of these bundles.
In particular, we show for a selection of bundles which naturally occur in
applications that they are either bracket generating or integrable.
1. Introduction
Several representations of geometric shapes involve quotients of mapping spaces.
Three examples are presented in the diagram below:
Imm(M,N)

Diff(N)

Diff(M)

Imm(M,N)/Diff(M) Emb(M,N) Dens(M) = Diff(M)/Diffµ(M)
The first example is the quotient of embeddings modulo reparametrizations. In the
second example, Diff(N) acts on some fixed “template” element of Emb(M,N).
The third example is Moser’s representation of densities as diffeomorphisms modulo
volume preserving diffeomorphisms [8, 4].
Let us abstract from these examples and consider a submersion pi : P → Q
between possibly infinite-dimensional manifolds. If P is endowed with a (weak)
Riemannian metric G, two natural sub-bundles of TP appear: the vertical bundle
Ver is defined as the kernel of Tpi and the horizontal bundle Hor as the set of tangent
vectors in TP which are G-orthogonal to Ver. Note that Ver+Hor might or might
not span all of TP . However, any closed complement of the vertical bundle is the
horizontal bundle of some Riemannian metric, as was recently shown in [1] for the
special case of planar curves.
While the vertical bundle is always integrable (the integral manifolds are the
fibers of the projection), it is in general not clear whether the horizontal bundles are
integrable or, at the other extreme, bracket generating. This question is interesting
for several reasons.
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• Integrability of the horizontal bundle is necessary for lifting loops in Q to
horizontal loops in P . This is a natural task in, for example, the analysis
of cardiac cycles, which can be represented as loops in shape space.
• If the horizontal bundle is integrable, then the horizontal geodesic equation
can be solved in the lower-dimensional coordinate system of the integral
manifold instead of the higher-dimensional coordinate system of P .
• If on the other hand the horizontal bundle is bracket generating, then its
integral manifold is a dense subset of P , and any two points in the integral
manifold can be connected by a horizontal curve [6, 5].
2. Results
Definition 1. Let M be a compact manifold and (N, g) a Riemannian mani-
fold. Then the sub-bundles Tan and Nor of T Imm(M,N) are given at each
f ∈ Imm(M,N) by
Tanf = {Tf ◦X : X ∈ X(M)},
Norf = {h ∈ Tf Imm(M,N) : ∀x ∈M, ∀X ∈ TxM, g(h(x), T f(X)) = 0}.
Remark 1. The bundle Tan is the vertical bundle of the projection onto the space
of unparametrized immersions and is integrable. Indeed, the group Diff(M) acts
on Imm(M,N) by composition from the right and the Diff(M)-orbits are integral
manifolds for Tan.
The following theorem shows that Nor is bracket generating and that the first
bracket is enough to generate all of the tangent space.
Theorem 1. Let M be compact and dim(N) = dim(M) + 1. Then
Nor+[Nor,Nor] = T Imm(M,N).
Proof. Assume that a normal vector field n to f ∈ Imm(M,N) is defined on all
of M and locally around f . Then any functions a, b on M define local vector
fields an, bn on Imm(M,N). Let ∇ denote the covariant derivative on Imm(M,N)
which is associated to (N, g); see Section A. Then the Lie bracket [an, bn] can be
expressed using covariant derivatives because ∇ is torsion-free by Lemma 1. By
the variational formula for the normal vector in Lemma 2,
(1)
[an, bn] = ∇an(bn)−∇bn(an) = b∇ann− a∇bnn = Tf (a grad
g b− b gradg a)
= Tf
(
g−1(adb− bda)
)
.
By Lemma 3, all one-forms on M are linear combinations of one-forms adb − bda.
This shows Tan ⊇ [Nor+Nor].
The assumption that n is defined globally onM can be eliminated by localization.
Indeed, as M is compact, any vector field X ∈ X(M) is a finite sum of vector
fields supported in domains U such that n is defined in a neighborhood of U . By
Remark 3, the functions a, b can be chosen with support in U . It follows that an, bn
are well-defined. 
Remark 2. If N is a linear space, the covariant derivatives in the proof of Theo-
rem 1 can be replaced by directional derivatives. For example, in the case of planar
curves M = S1, N = R2, Equation (1) evaluated at some c ∈ Imm(S1,R2) takes
the form
[an, bn]c = Dc,an(bn)−Dc,bn(an) = (aDsb− bDsa)v.
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Example 1. A further example of an integrable bundle are the arc-length preserving
deformations of planar curves. Let M = S1, N = R2, and define the vector bundle
Arc ⊂ T Imm(S1,R2) at each c ∈ Imm(S1,R2) by
Arcc = {h ∈ Tc Imm(S
1,R2) : Ds(Dc,hds/ds) = 0}.
Then the bundle Arc is integrable and the collections of curves c whose velocities
|∂θc| ∈ C
∞(S1) are multiples of each other are integral manifolds for Arc.
Appendix A. Covariant derivative on Imm(M,N)
We recall some definitions and results of [2, Section 4.2]. Let∇ be the Levi-Civita
covariant derivative of the Riemannian manifold (N, g). Then ∇Xh : Q → TN is
well-defined for any manifold Q, vector field X ∈ X(Q), and mapping h : Q →
TN . This covariant derivative can be extended to Imm(M,N) using the iso-
morphism ∧ : C∞(Q,C∞(M,TN)) → C∞(Q × M,TN) and its inverse ∨. Let
h : Q→ T Imm(M,N) and X ∈ X(Q). Then ∇Xh is defined as (∇X×0h
∧)∨.
Lemma 1. The covariant derivative ∇ on Imm(M,N) is torsion-free, i.e., ∇XY −
∇YX = [X,Y ] holds for any X,Y ∈ X(Imm(M,N)).
Proof. Let X,Y be vector fields on a manifold Q and f : Q × M → TN . Then
X × 0 and Y × 0 are vector fields on Q×M and
∇X×0Tf(Y × 0)−∇Y×0Tf(X × 0) = Tf([X × 0, Y × 0]) = Tf([X,Y ]× 0)
because the Levi-Civita covariant derivative on (N, g) is torsion-free [7, Section 22.10].
The statement of the Lemma follows by setting Q = Imm(M,N), f(g, x) = g(x)
for all g ∈ Imm(M,N) and x ∈M , and noting that Tf(X × 0) = X∧. 
Appendix B. Variational formula for the normal vector field
Lemma 2. [3, Section 4.11] Let X be a vector field on Imm(M,N). Then the
variation of the normal vector field n in the direction of X is
∇Xn = −Tf
(
LX⊤) + gradg g(X,n)
)
,
where X = Tf ◦ X⊤ + g(X,n)n is the decomposition in tangential and normal
components, g = f∗g is the pull-back of g to M , and L is the Weingarten map.
Appendix C. Auxiliary result about one-forms
Lemma 3. Let M be compact. Then Ω1(M) = span
R
{adb− bda : a, b ∈ C∞(M)}.
Proof. All one-forms fdg with positive f can be generated by elements of the form
adb− bda. Indeed, set a = (fe−g)1/2, b = (feg)1/2 and check that adb− bda = fdg.
Moreover, the closed one-form dg can be generated by setting a = 1, b = g. This
allows one to generate all one-forms fdg with f bounded from below. As every
function can be decomposed in a function bounded from below, and one from
above, this allows one to generate all one-forms fdg.
Let U be an open set in M such that there exist functions x1, . . . , xd defined on
all of M providing a coordinate system on U . Then any one-from α with support
in U can be written as α =
∑d
i=1 α(∂x
i)dxi, showing that α is a linear combination
of expressions of the form fdg.
Finally, any one-form on M is a sum of finitely many one-forms supported in
open sets U as above. To see this, note that any point x in M has an open
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neighborhood U with the above properties. As M is compact, finitely many such
neighborhoods U1, . . . , Un cover M . Let φ1, . . . , φn be a partition of unity subordi-
nate to U1, . . . , Un. Then any one-form α can be written as α =
∑n
i=1 φiα and φiα
is supported in Ui. 
Remark 3. If α is a one-form with support in an open set U ⊆M , then it can be
represented as a linear combination of forms adb−bda with functions a, b supported
in U . Indeed, at each step of the proof of Lemma 3, the functions a, b may be
multiplied by a bump function which vanishes outside of U and equals 1 on the
support of α.
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